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Abstract 

Discrete choice models are widely used to describe how people behave when they have to 

choose between alternatives. Often the choice sets are very large. Then it may require 

excessive computational power to estimate the parameters in the model. In fact, sometimes 

the problem is even worse, just reading the data is a prohibitive task. In the context of the 

model that will be used in this thesis – a conditional logit model for which the independence 

from irrelevant alternatives (IIA) property is imposed – reducing the number of choice 

alternatives by taking a random draw from the full choice set including the actual chosen 

alternatives, called the simple random sampling (SRS), yields estimates that are still 

consistent.  This has been proven by McFadden (1978). An additional advantage of sampling 

of alternatives is simplifying data collection and analysis. 

There is an extensive body of literature on discrete choice models with large choice sets. A 

number of sampling strategies other than the SRS to deal with computational problems is 

available. These include stratified sampling and importance sampling. In the present context, 

the last two provide consistent parameter estimates as well, provided the likelihood function is 

modified. However, to the best of our knowledge, only the SRS is widely used for the discrete 

choice models. Hardly any research has been done on the empirical performance of model 

estimation that results from other sampling strategies.  

In this thesis, we show, theoretically and empirically, the consistency of the maximum 

likelihood estimates of a conditional logit model based on the three strategies mentioned 

above. Moreover, we investigate the impact of the size of the sampled choice sets on the 

empirical accuracy of the estimated parameters. The methods are tested empirically using 

real-life data on job location choices of Dutch commuters
1
. All three strategies yield 

empirically consistent estimates. It turns out that stratified sampling works better than the 

SRS, and that a sampling strategy is made more efficient if one gives in the sampling process 

more weight to alternatives that are thought to be more likely to be chosen. The work in this 

thesis suggests that it is necessary to investigate the performance of some variants of the 

importance sampling strategy.  Moreover, it turns out that although theoretically the size of 

sampled choice sets should not affect the accuracy of parameter estimates, it does so in the 

empirical application. The estimates are more accurate when choice sets with a larger number 

of alternatives are used. Earlier studies suggest to use sampled choice sets with a size that is 

not lower than 12.5% of the full choice set.  In the present context, we still obtain reliable 

estimates using sampled choice sets that contain less than 3% of the choice alternatives from 

the full choice set.  

 

Key words: Large choice set, sampling of alternatives, simple random sampling, stratified 

sampling, importance sampling. 

 

                                                           
1This research was performed during an internship of the author at the CPB, the Netherlands Bureau for Economic Policy Analysis. The author thanks 
CPB, The Ministry of Infrastructure and Environment and VU University Amsterdam for the possibility to use their data for her master thesis. 
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1. Introduction  
Discrete choice models are widely used to solve quantitative marketing problems. Every day 

people are confronted with many options -possibilities for choice- such as the choice of 

products to buy in a supermarket, the choice of telephone bundles, the choice of cars, 

residential location choices and so on. Often, people make one choice out of a large set of 

choice alternatives. For example, one can choose from thousands of different products in a 

supermarket, or an insurance from a large number of insurance companies in the Netherlands, 

each of which provides various financial products. Computational difficulties may arise when 

a discrete choice model concerns a choice situation with a very large choice set. Software 

such as “Matlab” and “Stata” may have insufficient memory to import large datasets with a 

large number of observations and choice alternatives. Computational limitations can make 

estimation of parameters in a simple discrete choice model difficult. 

To deal with this computational problem, one can reduce the number of observations and/or 

reduce the number of choice alternatives. The computational burden of estimating a logit 

model is approximately linear in both the number of observations and in the number of 

alternatives (Ben-Akiva and Lerman, 1985). However, more information will be obtained 

from the sample by using a sufficient number of observations with relatively few alternatives 

per observation, than by using few observations with a large set of alternatives for each 

observation. In the context of car purchase analysis for example, we need a sufficient number 

of individuals to analyze their purchase behavior correctly. Otherwise, a person with deviant 

car purchase behavior in the data will affect the common behavior we investigate. On the 

other hand, dropping a couple of car types which are very rarely purchased, will have little 

impact on car purchasing behavior. Therefore, it is recommended to take samples of 

alternatives rather than to take a sample of observations. 

There are two major approaches to reduce the number of choice alternatives: aggregation of 

alternatives and sampling of alternatives for each observation. Earlier studies have shown that 

aggregating heterogeneous alternatives creates a non-negligible bias in the parameter 

estimates. Therefore, the estimation results of a choice model based on aggregate alternatives 

are not reliable. Koppelman and Ben-Akiva (1977) suggest to use disaggregated data because 

of their improved statistical efficiency, transferability, behavioral structure and policy 

sensitivity. Therefore, sampling is preferred over aggregation since it is free from aggregation 

bias.  

The second approach, sampling, reduces the full choice set to smaller choice sets, by taking 

samples that contain much less choice alternatives. Logit models such as the multinomial logit 

model (MNL) or the conditional logit model (CL) make an assumption that the introduction 

or removal of a choice alternative has no effect on the choice probabilities of each of the other 

choice alternatives. This is called the independence from irrelevant alternatives (IIA) 

assumption. In other words, the choice between two choice alternatives depends only on the 

characteristics of the alternatives under consideration. Under this assumption, McFadden 

(1978) has proven that taking only a subset of the full choice set that includes the chosen 

alternative and a sample of nonchosen alternatives, the maximum likelihood estimates of the 

logit model are consistent. Consistent means that when the number of observations becomes 
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very large, the maximum likelihood estimator will converge in probability to the „true‟ 

parameter. 

There are two main sampling techniques in the literature to reduce the size of the full choice 

set. One widely used sampling strategy is the simple random sampling (SRS). By the SRS, a 

smaller choice set is randomly drawn from the full choice set. This sampling method is 

popular because of its simplicity. The other sampling method is stratified sampling. Using this 

sampling technique, the full choice set of alternatives is split up into subsets, which are called 

strata, based on a certain criteria. By defining different strata with different sizes and selecting 

a varying number of alternatives from each stratum, the sampled choice sets can be generated 

in a much more flexible way. Ben-Akiva and Lerman (1985) suggest that intuitively it seems 

logical to let the sampling procedure to give greater weight to alternatives with a priori high 

probability of being chosen by the person, and give lower weight to unlikely alternatives.  

A considerable number of studies has been performed, where a SRS of alternatives is done to 

find parameter estimates of a logit model. However, there are still gaps in this field. To the 

best of our knowledge, hardly any of all the researches have used actual data to investigate the 

performance of sampling methods other than the SRS. In addition, most studies have used 

synthetic data to investigate the empirical accuracy of estimation results that result from the 

sampled choice sets. In an attempt to begin to fill these gaps in the literature, we will show in 

this thesis both theoretically and empirically that simple random sampling and stratified 

sampling provide consistent maximum likelihood estimators for a conditional logit model.  

First objective of this thesis. 

In particular, this thesis has two objectives. The first objective is to examine the consistency 

of estimates using sampled choice sets. First of all, the theory of discrete choice models and 

sampling of alternatives is given. In many earlier studies, the result of McFadden‟s proof 

(1978) is used. Often an account of the proof is given as well; the advantage of the account of 

the proof given in this thesis is that it is explained in a simpler way. Since the proof is also not 

trivial, we will extensively discuss this in the thesis for a special case. The statistical formulas 

and derivations are given to show that the estimates of a conditional logit model based on 

both simple random choice sets and stratified sampled choice sets are consistent. After that, 

we empirically compare the performance of simple random sampling and stratified sampling 

and in a conditional logit model using real-life data on job location choices of Dutch 

commuters. We apply a number of alternative stratified sampling schemes, including the 

recently introduced stratified sampling by Lemp and Kockelman (2012).  

Second objective of this thesis. 

The second objective is to examine the effect of the number of alternatives in the sampled 

choice sets on the empirical accuracy of the estimates. Theoretically, as it will be shown in 

this thesis that any size will provide consistent estimates in a logit model that meets the IIA 

property. In practice, it is obvious that the estimates are biased when the sampled choice sets 

contain a very small number of choice alternatives. The question is then: how many 

alternatives have to be selected in practice in the context of job location choices? 
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Due to the randomness in the SRS method, the estimation results of the conditional logit 

model can vary between two SRS approaches. Therefore, each sampling will be carried out 

ten times; the average of the parameter estimates will be calculated and evaluated. To assess 

the goodness of fit, the data will be divided into two parts: a training sample which consists of 

75% of the original data set, and the remaining hold-out sample. Parameter estimates can be 

calculated from the training data and modified training sample sets that result from different 

sampling strategies. Using these estimates, the hit-rate, which is the percentage of correct 

prediction using the hold-out sample, will be calculated. In addition, an extra assessment 

criterion that shows the absolute proportional difference between the parameter estimates and 

the „true‟ parameters will be used. The „true‟ parameters are estimated by using the full choice 

set. This difference in the standard errors from the in-sample, will also be used to evaluate the 

consistency and estimation accuracy of each estimate. 

The empirical estimation results of simple random sampling, stratified sampling and 

importance sampling are compared to each other. We find that all of the three sampling 

methods of alternatives yield estimates close to those of the model using the full choice set, 

but with considerably less computational time. To investigate the effect of the size of sampled 

choice sets on estimation efficiency, we draw samples of 20, 40, 80 and 120 choice 

alternatives for each sampling scheme. It turns out that sampled choice sets with larger size 

lead to more reliable parameter estimates. A sampling scheme is made more efficient by 

including more alternatives that are thought to be more likely to be chosen. By taking samples 

that contain 13% choice alternatives of the full choice set, the average bias compared with the 

„true‟ parameters is lower than 0.5%. The average bias in parameter estimates are not higher 

than 5% for all the sampling schemes when only 3% from the full choice set are taken as 

choice alternatives. 

The thesis is structured as follows: in the next section, the literature on sampling methods in 

discrete choice modeling will be discussed. In section three and section four, the conditional 

logit model and the methods used for sampling and estimation will be explained. We will 

show theoretically that the sample estimates are consistent and that the consistency does not 

depend on the size of sampled choice sets. Then in section 7, the dataset that is used for 

empirical investigation will be described. We will present the estimation results from the logit 

model applied to the full data set and to sampled data. The performance of several different 

sampling schemes will be discussed. In the end in section 9, we draw conclusions in our 

research objectives from the results. 
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2. Literature review  
 

Discrete choice models 

To model discrete choices, different kinds of models are used in the literature. Due to the use 

of empirical data in this research, we primarily focus on the discrete choice literature aimed at 

transportation applications. Guo (2002) and Bhat (2007) have used a multinomial logit model 

(MNL) because this model is easy to apply. McFadden (1978) has proven that the parameter 

estimates of an MNL are still consistent when using the SRS.  For this same reason, 

Domanski & Haefen (2010) apply a conditional logit (CL) model to describe the discrete 

choices in the context of location choices. Both the MNL and CL model make two key 

assumptions. The first is the independence of irrelevant alternatives (IIA) assumption, which 

assumes that the choice between two alternatives depends only on the characteristics of the 

alternatives under consideration. The other assumption is that individuals are assumed to 

consider the full set of available choice alternatives. There are researchers who find these 

assumptions too restrictive. In reality, decision makers first construct a consideration set, 

which does not necessarily include all available choice alternatives, and then make a final 

choice from this set (Shugan, 1980; Vroomen et al, 2002).  

To make the model more flexible, Bhat and Guo (2002) have extended the MNL model to a 

Mixed Spatially Correlated Logit model (MSCL) to be able to capture spatial correlation in 

location choice analysis. Domanski & Haefen (2010) and Azaiez (2010) have used a Logit 

Mixture model, which relaxes the IIA assumption. Koppelman and Lemp (2012) have also 

used the mixed multinomial logit model (MMNL), which also violates the IIA property.  

So far there is no proof that choice models without the IIA property still yield consistent 

estimates after sampling. This is currently still under investigation. In addition, Koppelman 

and Lemp (2012) have empirically showed that SRS produces biased estimates for an MMNL 

model. To reduce this bias, a more complex sampling scheme has to be applied.  

To relax the second assumption, researchers have tried to construct the actual consideration 

choice sets in advance. Vroomen et al (2002) and Zolfaghari et al (2012) have used a two-step 

process to analyze the choice behavior of people. In the first step, an artificial neural network 

can be applied to generate the consideration choice sets. However, due to the fact that most 

choices made by people are dynamic processes, it is difficult to describe the process of 

formation of consideration choice sets. Therefore, a lot of efforts still should be done to make 

this approach feasible to apply in practice.  

 

Sampling methods 

There are various sampling methods in the literature to reduce large choice sets in a discrete 

choice model. The most simple and widely used sampling strategy is the simple random 

sampling (SRS), which draws a sample of the full choice set randomly. The simple random 

sampling was first introduced by McFadden (1978). McFadden has (1978) proved that such 
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sampling provides consistent parameter estimators as long as the positive conditioning 

property
2
 is met in the context of a multinomial logit model. To be more specific, he proved 

that the uniform conditioning property, a special case of the positive conditioning property, is 

met. Therefore, the likelihood specification does not need to be modified. However, the 

maximum likelihood estimators are not efficient. As the SRS is the simplest sampling method, 

it is widely used in the literature. Some recent studies show that the efficiency loss caused by 

the SRS is quite small. 

In addition, Ben-Akiva and Lerman (1985) have suggested that intuitively, it seems logical to 

let the sampling procedure assign a greater weight to those elements in the choice set that are 

a priori known to have a high probability of being chosen by the decision-maker, and assign a 

lower weight to less likely alternatives. However, there is no proof that this will improve the 

empirical accuracy of estimation results in each context of discrete choice analysis. 

Alternative sampling methods such as „stratified sampling‟ and „importance sampling‟ are 

therefore introduced. With stratified sampling, the full choice set is first divided into mutually 

exclusive subsets of choice alternatives, also called strata. A certain amount of choice 

alternatives are then randomly drawn from each stratum. There are different forms of 

stratified sampling. A great advantage of stratified sampling compared to the SRS is that by 

defining mutually exclusive strata before sampling, researchers are allowed to draw 

alternatives from each specific subgroup that may be lost in a simple random sampling due to 

its small size. Therefore, parameter estimates that result from stratified sampling are expected 

to be more accurate.  

A more general form of stratified sampling is importance sampling. Instead of stratification in 

advance, the choice alternatives are sampled based on the belief of a certain plausible rule of 

behavior or preliminary estimates of the choice probabilities.  

Frejinger, Bierlaire and Ben-Akiva (2009) have applied an importance sampling algorithm for 

choice set formation in the context of route choice model estimation. Numerically estimated 

results based on synthetic data show that models including a sampling correction
3
 are 

remarkably better than those which do not include this.  A disadvantage of this sampling 

strategy is, that it is very difficult to determine in advance which alternatives in the full choice 

set are more attractive. Misclassification of how attractive each choice alternative is, can lead 

to biased parameter estimates of the discrete choice model. 

 

Application of sampling methods 

The focus of this thesis is on a comparison of the sampling methods and an examination of the 

impact of the size of sampled choice sets on the empirical accuracy of estimation results of 

the discrete choice model. For simplicity, a conditional logit model is used, and it is assumed 

that the IIA property is imposed. 

                                                           
2This property will be explained in section 6. 
3This is a correction on the probabilities of alternatives to be sampled based on exogenous variables. 
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There are meaningful researches on the performance of the SRS used in an MNL model. The 

SRS is often used in an MNL model to solve real-life problems, because it is easy to 

implement and it also provides consistent parameter estimates (Pozsgay and Bhat, 2001; 

Nerella and Bhat, 2004; Bernasco, 2009; Laene and Wasi, 2012). This sampling method was 

also used to model the destination choice in the Netherlands (see also Netherlands Ministry of 

Transport, 1977).  

Some recent studies have applied stratified sampling on real data. Rashidi and Mohammadian 

(2010) introduced a stratified sampling method using a hazard-based screening model. 

Zolfaghari, Sivakumar and Polak (2011) used this model to model the residential location 

choice in London. The housing cost and commute time were used to define the hazard 

function. The estimation results were compared with the results using the universal choice 

sets. It turns out that generating choice sets using a hazard-based screening model, performs 

worse than the SRS. This shows that misclassification can have a large effect on the 

estimation results of the discrete choice model. 

More recently, Lemp and Kockelman (2012) introduced a new exogenous stratified sampling 

scheme based on updated choice-probability estimates. Since such probabilities are not known 

a priori, the SRS was used to draw the sample at the first iteration. Results show that the 

estimation error of an MNL and a mixed MNL model will as well be reduced with this new 

sampling scheme. The authors state that only a single iteration of this strategy following the 

initialization step using the SRS is needed to deliver maximum efficiency gains. 

 

Impact of the size of sampled choice sets on the estimation results 

McFadden (1978) has proven the number of alternatives in the sampled choice sets will not 

affect the consistency of estimates in a logit model that meets the IIA property. In practice, it 

is obvious that the estimates are not reliable when the sampled choice sets contain a very 

small number of choice alternatives. A few studies have empirically examined the impact of 

randomly reducing the size of the choice sets in MNL models. Pozsgay and Bhat (2001), 

Nerella and Bhat (2004), Zolfaghari, Sivakumar & Polak (2012) and many other researchers 

have investigated the impact of simple random sampling with different sizes on the estimation 

results. In the case of an MNL model, Nerella and Bhat (2004) recommend to use a minimum 

of one-eighth of the full choice set. Domanski and Haefen (2010) have empirically 

investigated the performance of the conditional logit model under various sizes in a 

recreational demand application using the SRS. Their results suggest that there is a modest 

loss of efficiency but significant time savings for the conditional logit models estimated with 

samples of alternatives as low as 12.5% of the full choice set. Smaller sizes of choice sets 

generate small reductions in run times. However, the range of confidence intervals will 

increase a lot.  

In this thesis, we use the insights from the studies mentioned above to compare the 

performance of the SRS and different sampling schemes of exogenous stratified sampling 
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using real data. Furthermore, the impact of the chosen size of choice sets on the estimation 

results will be investigated. 
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3. Theory on discrete choice models 
In this section, the theory of discrete choice models is given. In this thesis, we focus on logit 

models that have the independence of irrelevant alternatives (IIA) property. To show such a 

model in more details, a conditional logit model is explained in detail. Then, we show the 

formula for the probability of a certain choice. This choice probability of a conditional logit 

model is defined by using the random utility maximization hypothesis. 

Suppose an individual faces a job location decision out of different job locations. The 

dependent variable in a job location choice model is the choice between different job 

locations in the choice set. This is a discrete variable. We assume that there is no ordering in 

preference among the choice alternatives. The observed choice of individual  is denoted by 

variable . It is assumed that the dependent variable is multivariate Bernoulli distributed: 

 

where  is the probability that job location  is chosen. 

This distribution implies that the probability that job location  is chosen equals  

 with  

The choices of individuals can be influenced by attributes such as job accessibility and quality 

of public services. Therefore, the choice probabilities  are conditional probabilities which 

depend on the attributes of each choice alternative. Assume that each individual is rational 

and utility-maximizing. Individual  will have utility  for alternative  which is a function 

of explanatory variables and an unobserved part of this alternative. The random utility 

maximization hypothesis says that the choice alternative  is chosen if 

. The probability that the individual chooses alternative  equals 

therefore (assuming uniqueness of maximum for convenience) the probability that the 

perceived utility  is larger than the all other utilities: 

, 

where  is the matrix of the values of all explanatory variables corresponding to the 

individual . It contains a constant term 1 and the explanatory variables  for  

and , where  is the number of explanatory variables and  is the number of choice 

alternatives. 

The utility  of choice alternative  to individual  is a random variable. It can be divided 

into two additive parts: the deterministic component and the random component. The 

deterministic component is a function of all explanatory variables. In general, there are three 

types of explanatory variables. The first type of explanatory variables differs across 

individuals but is the same across the choice alternatives. Examples are household 

characteristics such as age, income and gender. The second type consists of variables that are 

different across individuals and are also different across choice alternatives. An example of 

such a variable is the value of travel time to the job location for an individual during a certain 
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time period in job location choice analysis. The third type of explanatory variable differs 

across choice alternatives but is the same across individuals. Examples are the average yearly 

wages and the number of jobs at job locations in job location choice analysis. The random 

component in utility , denoted by , is stochastic. This random component, also called 

the stochastic error term, contains all random elements that cannot be observed by the analyst. 

The most well-known discrete choice models are the standard logit models and probit models. 

These models assume a nonlinear relationship between the dependent discrete variable and 

the explanatory variables. The difference between logit and probit models lies in the 

assumption of the distribution of the stochastic error term that is not captured by the 

model. The subscript  is an indicator for individuals and  is an indicator for choice 

alternatives. The probit model assumes that  are independent and identically standard 

normal distributed. On the other hand, the logit model assumes that this error term is 

independent and identically standard extreme value distributed
4
, evaluated at the choice . In 

both models, the error terms are uncorrelated and have the same variance across the choice 

alternatives, the so called IIA assumption. The IIA property is a proper assumption only if the 

choice alternatives are sufficiently different from each other. This property is very useful in 

simplifying econometric estimation (McFadden, 1977), but can be shown to be implausible 

for choice problems where it is unreasonable to assume  are statistically independent 

(Shugan, 1980). 

Another important difference between a probit model and a logit model is the difference in 

computational difficulties. The choice probability of a probit model is defined by means of a 

- dimensional integral, where  is the total number of choice alternatives in the choice set. To 

obtain the estimates of the parameters in the probability function, numerical integration 

should be used (Greene, 2000). When there are more than four choice alternatives, it is 

computationally prohibitive to find the parameter estimates (Franses en Paap, 2001, page. 88). 

Based on this reason, we choose a logit model in this thesis. 

The logit model with only constants and the first type of explanatory variables is called the 

multinomial logit model (MNL) and the logit model with only constants and the second type 

of explanatory variables is called the conditional logit model (CL). The conditional logit 

model describes the expected utilities of a choice in terms of characteristics of the alternatives 

rather than attributes of the individuals; this will be used in this thesis for the job location 

choice analysis. Because the constant terms in the conditional logit model are alternative-

specific, a conditional logit model can easily be extended with the first type explanatory 

variables.  

The probability function  in a conditional logit model looks as follows (see also Franses & 

Paap, 2001): 

  

                                                           
4

The properties of this distribution are given in Appendix III. 
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where T is the number of the second type of explanatory variables. The two properties of the 

probabilities ,   are:   and   

The corresponding latent utility that an individual  can get by choosing alternative  is:  

 

and  is the unobserved part of the utility of choice alternative  to individual .  

Usually, not all attributes of choice alternatives that have significant impact on choices of 

individuals are observable. The observed variables will be taken as explanatory variables in 

the model, that form the deterministic part of the utility function. The unobserved variables,  

that form the stochastic part of the utility function, , will have some probability distribution 

conditioned on the values of observed variables. Using the conditional logit model, one 

assumes the stochastic terms , for  to be independently, identically distributed 

with the standard extreme value distribution
5
: 

 

The properties of an extreme value distribution are given in Appendix III. 

For this function, the probability that individual  will choose alternative  given an 

explanatory variable  is equal to: 

 

For this model, the choice probabilities depend on the explanatory variables, which are 

assumed to have a common impact  among the choice alternatives,  on the 

probabilities. If we multiply both the numerator and the denominator in the probability 

function by a non-zero constant, all the intercepts  for  will change. However, 

the probability  remains the same. Thus, not all  intercepts are identified. Due 

to the fact that only the relative relationship between the alternative-specific constants matters, 

this is only a problem for interpretation of the intercepts. This problem can be solved by 

restricting one intercept to be equal to zero: , imposing that the th category is the 

base category.  

4. Consistent ML estimation on the full choice set 
In this section, we explain how the maximum likelihood methodology can be used to find 

parameter estimates in the conditional logit model. Maximum likelihood estimates are used in 

                                                           
5

The standard extreme value distribution is an extreme value distribution with parameters . 
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this thesis because these are consistent, asymptotically normal and asymptotically efficient 

(Fisher, 1922). The likelihood function and the corresponding log likelihood function that 

should be maximized are given. Because of the non linearity of the log likelihood function, 

the maximum value of the log likelihood function is found using the Newton-Raphson 

algorithm. 

The parameters in a Conditional Logit model can be estimated via the method of Maximum 

Likelihood (ML). Fisher (1922) defines the statistical term Likelihood as: the likelihood that 

any parameter (or set of parameters) should have any assigned value (or set of values) is 

proportional to the probability that if this were so, the totality of observations should be that 

observed.  Maximum Likelihood estimators are values of parameters for which the observed 

data set is most likely to have occurred. Fisher (1922) showed that ML estimates are 

consistent, asymptotically normal and asymptotically efficient. Consistent means that when 

the number of observations becomes infinity, ,  the maximum likelihood estimator  

will converge in probability to the „true‟ parameter : 
6
. The asymptotically 

normal property can be proven using the central limit theorem (Fisher, 1922). The asymptotic 

efficiency means that  has the smallest covariance matrix: 

 for ,  where  denotes any other consistent estimator of 

. This property can be proven using the Cramér-Rao theorem
7
.  

A fundamental assumption behind the properties of ML estimates is that the model is 

correctly specified. When a model is misspecified, ML estimates of parameters of interest 

may or may not be consistent (White, 1982).  

The likelihood function for a correctly specified conditional logit model is defined as the 

product of the probabilities of the chosen alternatives over all individuals: 

, 

where  is the characteristic function which is equal to 1 if alternative  is chosen by 

individual , and is 0 otherwise. Vector  denotes the vector of the parameters in the logit 

model. The natural logarithm of the likelihood function is: 

   (1) 

where the probability function has a linear-in-parameters logit specification: 

. 

Let  and  for  and , the 

probability function can be rewritten as: 

. 

                                                           
6See “Asymptotic Properties of Conditional Maximum-Likelihood Estimators” by E.B. Andersen (1970). 
7See “Discrete Choice Analyses” by M. Ben-Akiva and S. R. Lerman (1985), page 14. 
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Substituting this probability function in the formula (1) we get: 

   

The data can be generated by the probability distribution  when the model is 

correctly specified. The log likelihood function reaches its global maximum when the 

parameters are equal to the maximum likelihood estimators of the „true‟ parameters , 

denoted by . This maximum cannot be found analytically because of the non-linearity of the 

log likelihood function. Thus, we have to use numerical optimization algorithms to solve the 

first-order conditions. Newton-Raphson algorithm is one of the widely used algorithms to 

solve this problem. To apply this algorithm, we need the first and the second order derivatives 

of the log likelihood function. For simplicity, we take the model with only one explanatory 

variable and a constant term. 

The first-order conditions are:  

for . 

In particular, there is system of  equations, also called the first-order conditions, that should 

be solved: 

for ; 

  for  and . 

Let  denote the vector of the first-order derivatives with  

, this row vector is also called the gradient.  

The first-order conditions can be written as:  

The matrix of the second order derivatives is also called the Hessian matrix, denoted by . 

It holds that    

; 

 , for ; 

, for ;. 
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, for  and .  

One can show that the Hessian matrix  of a conditional logit model is negative semi-

definite(Amemiya, 1985). In other word, the second derivatives of the log likelihood function 

are always negative. This implicate that the log likelihood function is globally concave. 

The Newton-Raphson algorithm works as follows
8
: 

1. Take a set of start values of the parameters, denoted by ; 

2. Solve the linear vector equation . This vector equation is an 

approximation of the first-order conditions. Let the solution denoted by , where 

. 

3. Update  until that term  is small enough. 

McFadden (1974) has shown that the log likelihood function is globally concave under 

classical regularity conditions
9
. Train (2002) has shown that when the utility in a logit model 

is linear-in-parameters, the corresponding log likelihood function is globally concave. 

Therefore, the optimal parameter estimates can be found using the Newton-Raphson 

algorithm.  

  

  

  

                                                           
8 The Newton-Raphson algorithm is applied to find Maximum likelihood estimates in Gauss programming language. A problem that may occur is 

that the global maximum cannot be reached due to the fact that updates of the parameters:  in each iteration is too large. This can 
be solved by diminishing the update term by multiplying it with a value between zero and one until a local/global maximum is reached. 

9 The classical regularity conditions are 1: The dependent variables are independent and identically distributed; 2: The parameter space is compact; 3: 
The true but unknown parameters are identified, which maximize the log likelihood function; 4: The likelihood function is continuous on the 
parameters and 5: The log likelihood function converges almost surely in probability to the log likelihood value under the true parameters. 
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5. Theory of sampling of alternatives 
Many discrete choice models are based on a multinomial logit model (MNL) or a conditional 

logit model (CL). An important assumption in such models make is that each individual in the 

data considers the full set of all available choice alternatives. Let the set of all choice 

alternatives be denoted by , which is called the universal choice set or the full choice set. 

The full choice set often contains a very large number of alternatives. In the job location 

choice model for example, the full choice set can be thousands of locations in a country. It is 

computationally burdensome to find the parameter estimates of a logit model when the size of 

the observations is very large and/or the choice set contains a large number of choice 

alternatives. To deal with this computational problem, one can reduce the size of the 

population and/or reduce the number of choice alternatives. The computational burden of 

estimating a logit model is approximately linear in both the number of observations and in the 

number of alternatives. If sufficient observations are available, more information can be 

obtained from a sample containing many observations than with relatively few alternatives 

per observation, rather than few observations with a large sample of alternatives for each 

observation (Ben-Akiva and Lerman, 1985).   

There are two major approaches to reduce the number of choice alternatives: aggregation of 

alternatives and sampling of alternatives for each observation. The first approach assumes that 

there are choice alternatives in the full choice set that are identical or very similar to each 

other. Some elemental choice alternatives which are similar to each other can be seen as one 

choice alternative on a certain aggregation level. Therefore, the full choice set can be reduced 

by using the aggregated choice alternatives instead of the elemental alternatives. After 

aggregation of homogenous elemental alternatives, the parameter estimates that result from 

the aggregate alternatives are still consistent (proof see Appendix III). However, it is difficult 

to determine in advance whether two elemental alternatives are homogenous. Aggregating 

heterogeneous alternatives may introduce measurement errors in the explanatory variables. 

Parsons and Needelman (1992) have shown that the use of aggregated alternatives will lead to 

biased results. Therefore, the estimation results of the choice model based on the aggregate 

alternatives are not as reliable as we would like. On the other hand, due to restrictions of 

available data, one often has to use aggregated alternatives to estimate the parameters in the 

model. When aggregated data are used, it is important to establish the degree of heterogeneity 

of alternatives within the aggregated alternatives. When the degree of aggregation is too high, 

the parameter estimates may not be accurate. 

A better approach than aggregation of alternatives is to take a sample of alternatives as a 

choice set for every observation. Under the assumption of independence of irrelevant 

alternatives that a conditional logit model makes, McFadden (1978) has proven that taking 

only a subset of the full choice set that includes the chosen alternative as well as a sample of 

nonchosen alternatives, the estimates of the logit model are consistent. 

In this section, a theory of sampling of alternatives is presented. Sampling of alternatives is 

one of the approaches to deal with the computational burden caused by large choice sets in the 

discrete choice models. In the literature, there are two main sampling methods to reduce the 
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full choice set: simple random sampling and stratified sampling. These two sampling methods 

will be explained in detail. 

 

5.1 Simple random sampling 
Simple random sampling (SRS) is one of the simplest and most widely used sampling 

methods. For each individual, a unique choice set will be generated that contains the actual 

choice and a set of choice alternatives randomly drawn from the full choice set. The sampling 

is done without replacement. 

Now we express this sampling method in formulas. For each person in the population, draw 

randomly without replacement  alternatives from all  available alternatives ( , 

except for the chosen alternative. Thus, each sampled choice set  for  has  

elements and  for  

 

5.2 Stratified sampling 
In contrast to the SRS, which draws alternatives randomly, the stratified sampling takes the 

underlying dynamic search process of choice alternatives into account. Some exogenous 

variables, which can describe the underlying actual choice sets will be taken.  Based on such 

variables, the alternatives in the full choice set will be divided into a number of more-or-less 

homogeneous subgroups (strata). This process is called stratification. The strata should be 

mutually exclusive and collectively exhaustive. This means that every element in the full 

choice set should be assigned to one single stratum. Suppose the full choice set  with  

alternatives is stratified into  disjoint subsets such that . Here,  is the number 

of alternatives that will be drawn from stratum  for individual . 

Let  be the assigned number of choice alternatives for stratum , and denote by 

 the stratum of alternative . Draw a simple random sample without replacement of size 

 from every stratum except that from the stratum of the chosen alternative , draw only a 

sample of  alternatives. Then add the chosen alternative. Note that the size of the 

sampled choice sets  for , can be fixed at a predetermined value such that  

, and the size of  is uniform across all observations. The probability of 

selecting a set of alternatives  is then: 

 for  

With a different choice of exogenous variables for the formation of strata, different sampling 

strategies can be applied to generate the choice sets. For example, in the context of the job 

location selection problem, the travel distance to a job location and the average yearly wage 

that one can earn at a job location can be used to formulate the strata. When two factors will 
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be combined to determine the strata, a „gravity‟-type function  

can be applied (see also Ben-Akiva & Watanatada, 1981). In the context of the job location 

choice model,  can be an approximate measure of the number of jobs in job location ,   

will be the distance between the home location of individual  and job location  and  is a 

scalar. For the experiment in section 7, we will use this function to define the strata in one of 

the sampling schemes. After stratification, simple random sampling is applied within each 

stratum.  

Note that the strata can contain a different number of choice alternatives. The number of 

alternatives that will be drawn from each stratum can also differ. Ben-Akiva and Lerman 

(1985) suggest that intuitively it seems logical to let assign different probabilities to 

alternatives to be sampled. One should give greater weight to alternatives in the choice set 

that are more likely to be chosen by the decision-maker, and give lower weight to unlikely 

alternatives.  

 

5.3 Importance sampling 
Importance sampling is a more general form of stratified sampling. For each individual, a 

unique choice set will be generated that contains the actual choice and a set of choice 

alternatives drawn from the full choice set in proportion to an exogenous variable or a 

function of exogenous variables. The sampling can be done with or without replacement. If 

sampling is done with replacement, some alternatives will be included more than once in the 

sampled choice subset for an individual. Each repeat of an alternative offers no additional 

information to the model. So, there will be some loss of estimation efficiency. Therefore, all 

sampling is done without replacement in this thesis. 

Now we express this sampling method in formulas. For each person in the population, draw 

randomly without replacement  alternatives from all  available alternatives ( , 

except for the chosen alternative. Thus, each sampled choice set  for  has  

elements and  for  where 

 is the selection probability of alternative  for individual . This selection probability is 

predetermined based on the chosen plausible rule of behavior using exogenous variable(s).  

Instead of using exogenous variables to determine the strata, a research by Lemp and 

Kockelman (2012) has applied a special case of stratified sampling. They suggest that one can 

generate a much more efficient sampling strategy by sampling alternatives in proportion to the 

exponential transformation of their systematic utilities. This sampling method utilizes as 

much information as is available in the data. Therefore, it is expected that it will yield more 

efficient parameter estimates. This new sampling method works as follows: the alternatives 

are drawn without replacement in proportion to updated choice-probabilities. The updated 

choice-probabilities are used to determine the strata in this case. Because the choice-

probabilities are unknown a priori, the SRS will be used to draw the sample in the first 

iteration. The choice probabilities will then be calculated for the next iteration. At each 

iteration, alternative choice sets are generated for each individual and the maximum 



 

20 
 

likelihood is maximized. Lemp and Kockelman (2012) state that only a single iteration of this 

strategy following the initialization step using the SRS is needed to deliver maximum 

efficiency gains. 

When stratified sampling and importance sampling are performed according to plausible rules 

of behavior, the sampled choice sets will contain choice alternatives that are more informative 

than choice alternatives sampled by the SRS. Such sampled choice sets of alternative are more 

likely to be chosen, so that the estimation error of the discrete choice model will be lower. On 

the other hand, it is difficult to capture the plausible rules of behavior in each context of 

discrete choices using rather few variables we are able to observe. The method is thus prone 

to misspecification errors and there is no guarantee that a stratified sampling strategy will 

outperform the SRS. Misspecification in the choice set formation model will produce high 

estimation errors in the estimation results of the choice model, and lead to a low prediction 

performance (see Zolfaghari, Sivakumar & Polak, 2011). 
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6. Consistent ML estimation on the sampled choice set 
In this section, we will give the theoretical proof (McFadden, 1978) that the maximum 

likelihood estimates of a logit model on sampled choice sets are still consistent. First of all, 

the consistency of the estimates of conditional logit models with a sample of alternatives that 

are drawn based on the uniform conditioning property will be shown. After that, we explicitly 

show that the estimates of conditional logit models that results from simple randomly sampled 

choice sets and some stratified importance sampled choice sets are both consistent. For more 

general sampled choice sets that are drawn when positive conditioning property is met, the 

parameter estimates are consistent except the alternative-specific constants. Alternative-

specific correction terms should be added to the constants. 

Due to the fact that the probability of choosing one alternative out of the sampled set differs 

from the probability of choosing this alternative out of the full choice set, we have to 

investigate whether the maximum likelihood estimates of the Conditional Logit model based 

on the sample are still consistent. McFadden (1978) has proven that in the context of an MNL 

model, sampling provides consistent parameter estimators as long as the positive conditioning 

property is met.
10

 This property says that the probability of drawing a subset of alternatives is 

positive regardless of the actual chosen alternative within the set. Let  denote the sampled 

choice set for individual  from the full choice set , and  is an alternative in the sampled 

choice set , . If the probability of generating  as the choice set given that 

alternative  is the actual chosen alternative is bigger than 0:  , then it holds 

that the probability of generating  as the choice set when alternative  is the actual chosen 

alternative is larger than 0:   

Let  be the probability that  is chosen from , where  is the „true‟  

parameter vector and  is the matrix of attributes of the  alternatives for person . As 

mentioned before,  denotes the probability of constructing any possible subset 

 as the choice set for person  from the full choice set  given that his actually chosen 

alternative if . Note that  is a function chosen by the researcher. It depends on 

the sampling scheme which is applied. Suppose that a sample of alternatives is taken in such a 

way that the positive conditioning property is met.  

Under the Bayes‟ rule and the IIA assumption, the probability that individual  chooses 

alternative  from the sampled choice set , is defined as: 

 

 

 

                                                           
10 For the proof see Modelling the choice of residential location by McFadden page 80-91. 
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The corresponding log likelihood function is as follows:  

, 

where   denote the deterministic part of the utility in the logit model. Note that the 

log likelihood function for the model using the full choice model is: 

.  

The difference between the two log likelihood functions is that the log likelihood function for 

the model using the sampled choice set includes an additional alternative-specific correction 

for the bias introduced by the sampling of alternatives. When the probabilities of generating a 

choice subset  regardless the actual choice are fixed, where it holds that  

 , the alternative-specific correction terms in the log likelihood 

function for the model using the sampled choice set can be cancelled out. The property that 

  is a special form of the positive conditioning 

property. This is also called the uniform conditioning property. Under the uniform 

conditioning property, the log likelihood function has the following simplified form: 

. In this case, the conditional logit model can be 

estimated using the general log likelihood function, but with the sampled choice sets.  

Now we will show that under the uniform conditioning property, the parameter estimates of 

the conditional logit model using the sampled choice sets are consistent.
 11

 

Under the uniform conditioning property, the log likelihood function of the logit model using 

the sampled choice sets is:  

, 

where   denote the deterministic part of the utility in the logit model and  denotes 

the observed choice of person , the deterministic utility  is a simplified notation of 

term  that we used before.  

So far the log likelihood function is defined on the choice sets  that are generated. Taking 

the process of choice sets generation also into account, we look at the expected value of the 

log likelihood function. 

                                                           
11See also “Estimation of Discrete Choice Models with Many Alternatives Using Random Subsets of the Full Choice Set: with an Application to 
Demand for Frozen Pizza” by Keane, M.P. and N. Wasi (2012). 
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Note that the joint probability of generating the choice set  and choosing one choice 

alternative  for person  can be calculated as: 

. 

In this formula, the choice subset  does not need to contain the actual choice as 

  and  . Then we obtain the expected value 

of the log likelihood function with the following formula: 

. 

This formula can be rewritten as: 

  

Details of this transformation are given in Appendix I. 

Note that the term ln  has the form 

)] with constraints , 

, and ,  . 

Furthermore, probabilities  are unknown but fixed. Using the Lagrange 

multiplier rule, one can easily show that the maximum of the term 

ln  is reached when 

 . Because the choice probabilities  and 

 have identical probability expressions, the expected log likelihood is maximized 

when . As shown in the proof above, the consistency of the estimates of the conditional 

logit model using the sampled choice sets does not depend on the size of the choice sets.  

 

Simple random sampling 

So far we have proven that under the uniform conditioning property, a conditional logit model 

using the sampled choice sets yields consistent estimates. As already shown in section 5.1, by 

simple random sampling (SRS), when  alternatives are randomly drawn without replacement 

from all  available alternatives, the probability of generating  as the choice set for person   

is   The total number of choice alternatives in the full choice set  

is fixed, when the size of the sampled choice sets  is determined, this probability is fixed for 

all . In other words, the uniform conditioning property is met by the SRS. Therefore, 

the SRS yields consistent estimates in the context of a conditional logit model.  
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Stratified sampling 

By stratified sampling, the probability of selecting a subset of alternatives  equals: 

 for  It is simple to 

show that *  for . So the probability of choosing a sample of 

choice set can be rewritten as: . Note that term 

 does not depend on the actual choice . The log likelihood function when 

the stratified samples choice sets are used can be expressed by the following formula: 

 

 

This log likelihood function is a modified version of the general log likelihood function with 

correction terms  . Note that this correction term can be predetermined. In 

this case, the correction term does not depend on the parameter estimates . When we 

predetermine that each stratum contains the same number of choice alternatives and a fixed 

number of alternatives will be drawn from each stratum, then the uniform conditioning 

property is met. Using stratified sample sets generated in this way, the parameter estimates of 

the conditional logit model are consistent. 

However, when the stratified sampling is done using different weights, the alternative-specific 

terms cannot be cancelled out from the log likelihood function above. In a similar way as how 

we proved  the consistency of parameter estimates of the conditional logit model under the 

uniform conditioning property, McFadden (1978) has proven it under the less restrictive 

positive conditioning property. Because of the modified log likelihood function that results 

from stratified sampling, the alternative-specific constants estimated using the general log 

likelihood function are not consistent. The alternative-specific constant for choice alternative 

 is modified with an additional term . In estimation, we should add the correction 

term  with constraint that the coefficient of this correction term equals one. 
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Importance sampling 

As already shown in section 5, the probability of selecting a subset of alternatives  by 

importance sampling equals:  for 

 where  is the selection probability of alternative  for individual . This 

probability can be rewritten as  for 

  Note that term  does not depend on the actual choice . 

The log likelihood function when the stratified samples choice sets are used can be expressed 

by the following formula: 

 

 

In estimation, we should add the correction term  to individual  with choice 

alternative ,  with constraint that the coefficient of this correction term equals minus 

one. 
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7. Empirical methodology and data 
In this section, we discuss the methodology and data we use in the empirical analysis of this 

study.  

 

7.1 Econometric model 
The performance of stratified sampling and the simple random sampling in a conditional logit 

model using real-life data on job location choices of Dutch commuters are empirically 

compared. Models of residential and job location choice play a very important role. From a 

job location choice model, it can be understood how job location choices are made by 

residents.  Also questions as how and to what extent factors such as transport accessibility, 

average yearly wages in a job location, and the number of jobs in a location have an impact on 

where people choose to work, can be answered. Moreover, job location choice models are an 

important component for the simulation of integrated land use-transport model systems. They 

predict medium-term dynamics in the urban area and help to determine how the urban 

landscape is shaped over time (Waddell et. al. 2003). Think for example about the change in 

land prices caused by improvements in transport accessibility of a residential location. The 

accessibility of jobs for a certain residential location can be derived from a job location choice 

model with transport accessibility as one of the explanatory variables, which can be further 

used to explain the land prices of this residential location. 

The methodology that is used and the methods that are compared, are widely applicable. Few 

examples are, when modeling the choices of an insurance package, the choice of schools by 

parents for their children, or the choices of travel routes between two locations.  

The conditional logit model has the following form: 

 

where  is the index of individuals and  is the index of job locations. Variables  for 

, are alternative specific variables such as land prices and variables  for 

 differs among both individuals and alternatives such as travel times. 

The variables that are eventually used to describe the model are: 

Dependent variable: 

The dependent variable is the choice of job locations. It is a set of  0/1 dummy variables with 

1 indicating that the corresponding job location is chosen and 0 otherwise.  is the number of 

job location alternatives for each commuter. 

Explanatory variables: 

The explanatory variables used in the research are: 
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1. The natural logarithm of the number of jobs in job location zones: ln(number of jobs); 

2. The natural logarithm of the average yearly wage paid in job location zones: ln(yearly 

wage); 

3. Travel time by car in minutes: car time. 

Travel time by car is taken as an explanatory variable instead of other possible variables such 

as perpendicular distance, travel distance by car or travel time by train. The reason is that all 

these variables are highly correlated in the first instance. Moreover, a majority of commuters 

in our data has chosen car as their mean of transport.  

 

7.2 Data 
We test the performance of different sampling methods using real data on job location choices 

of Dutch commuters. These data come from the Dutch travel survey Mobiliteitsonderzoek 

Nederland (2004-2011). The performance of the discrete choice model after sampling will be 

assessed by comparing the parameter estimates obtained after sampling with the full choice 

set estimate of parameters. The software which is used to find the parameter estimates is Stata. 

In the original dataset, there are more than 50,000 observations and 4,000 choice alternatives. 

It is a computational burden for Stata to run a logit model with more than 4,000 choice 

alternatives. Stata has insufficient memory to import such huge dataset. Therefore, we made a 

selection of commuters beforehand. The eventual dataset used for this study contains 3,677 

working individuals who live in Amsterdam, Rotterdam or Utrecht. The set of the job location 

zones contains a total of 611 different postal codes. Using this reduced dataset, Stata is able to 

estimate the model parameters including all 611 choice alternatives. Therefore, it is possible 

to examine the consistency of parameter estimates by comparing the estimates resulting from 

using sampled choice sets and these resulting from the full choice set of 611 alternatives.   

Table 7.2.1 presents the descriptive statistics of the explanatory variables describing the actual 

choices of the selected commuters. The table suggests that the choice for a job location is 

strongly influenced by the travel time by car (car time) and the number of jobs (number of 

jobs) at a job location. The averages of these two variables differ considerably between the 

chosen data and not chosen data. The difference between the average yearly wages is 

relatively seen not very large. A job location becomes attractive for a person when there is a 

large amount of available jobs and short travel time.  

Table 7.2.1 Description of explanatory variables of the actual choices. 

 Chosen 

(mean/min/max) 

Not chosen  

(mean/min/max) 

Number of 

observations  

3,014 1,838,540 

number of jobs 9,737/138/33,891 4,476/138/33,891 

yearly wage 

(1000 euro) 

43.9/35.8/48.3 43.0/35.8/48.3 
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car time (min.) 18.4/0.5/88.9 45.6/0.5/135.0 

 

 

7.3 Research methodology 
In this subsection, we discuss the nine different sampling schemes that are performed in this 

study. First, the simple random sampling is explained. Then the five sampling schemes that 

are applied which draw samples with an equal number of job locations from strata and defined 

on five different exogenous variables that have an intuitively impact on choices. Finally, three 

sampling schemes which sample choice alternatives in proportion to a certain criterion are 

clarified.  

In addition, the assessment criteria to evaluate and compare different sampling schemes with 

each other are discussed. 

 

Sampling schemes 

A total of seven different sampling schemes are performed in this study. The first sampling 

method is simple random sampling (SRS). Besides SRS, five sampling schemes draw samples 

with a unequal number of job locations from each stratum based on five different exogenous 

variables: (1) perpendicular distance, (2) travel time by car, (3) travel distance by car between 

home and work location, (4) number of jobs at a job location and (5) a function of 

perpendicular distance and the number of jobs. Intuitively, the distance between home 

location and job location and the number of jobs that a job location contains, should both have 

a major impact on the job location choice. One would prefer a job location that is not that far 

away from his home location, since there is a loss of utility due to travel time and travel costs. 

Also, a job seeker has a greater chance to find a job at a job location with more available jobs.  

From this point, different numbers of job locations are randomly drawn from each stratum, 

with each stratum containing an equal number of choice alternatives. By including more 

alternatives that are thought to be more likely to be chosen, more information can be used. 

There is no rule on how to determine which job locations are more attractive to an individual. 

Previous studies have relied on intuition about the data to determine alternatives that are more 

likely. Based on the descriptive in Table 7.2.1, it is intuitive to assume that job locations with 

larger job supply and lower travel time are more likely to be chosen. Therefore, we draw more 

alternatives from strata which contain alternatives with relatively smaller travel distance or 

travel time and alternatives which contain relatively more jobs. 

Furthermore, we applied an importance sampling scheme where the alternatives are drawn in 

proportion to the number of jobs in each job location. 

To investigate the effect of the size of sampled choice sets on estimation efficiency, samples 

of 20, 40, 80 and 120 choice alternatives are drawn for each sampling scheme. 
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For each commuter in our dataset the following hold: 

 The actual choice to be explained is his job location; 

 Other job locations to be included in the logit estimation include: 

 (i)  locations, whereby  locations are randomly chosen from the set of job locations,  is 

taken to be equal to 20, 40, 80 and 120; 

(ii)  locations, locations are randomly chosen from each subset of job locations by dividing 

the complete set of data in four percentile groups according to the 25, 50 and 75 centiles, 

respectively, for the perpendicular distance to the job location.  is taken to be equal to 20, 40, 

80 and 120; 

(iii)  locations, locations are randomly chosen from each subset of job locations by dividing 

the complete set of data in four percentile groups according to the 25, 50 and 75 centiles, 

respectively, for the car travel time around the home location of an individual.  is taken to be 

equal to 20, 40, 80 and 120; 

(iv)   locations, locations are randomly chosen from each subset of job locations by dividing 

the complete set of data in four percentile groups according to the 25, 50 and 75 centiles, 

respectively, for the car travel distance around the home location of an individual.  is taken to 

be equal to 20, 40, 80 and 120; 

For sampling schemes (ii) to (iv), the numbers of the alternatives that are drawn from the first, 

the second, the third and the fourth stratum are respectively 10, 5, 3, 2, when . When 

, the numbers of the alternatives that are drawn from the first, the second, the third and 

the fourth stratum are 20, 10, 6, 4, respectively. When , the numbers of the alternatives 

that are drawn from the first, the second, the third and the fourth stratum are 40, 20, 12, 8, 

respectively. When , the numbers of the alternatives that are drawn from the first, the 

second, the third and the fourth stratum are respectively 60, 30, 18, 12,. 

 (v)   locations, locations are randomly chosen from each subset of job locations by dividing 

the complete set of data in 4 percentile groups according to the 25, 50 and 75 centiles, 

respectively, for the number of jobs in each job location.  is taken to be equal to 20, 40, 80 

and 120; 

 (vi)   locations, locations are randomly chosen from each subset of job locations by dividing 

the complete set of data in four percentile groups according to the 25, 50 and 75 centiles, 

respectively, for a certain criterion around the home location of an individual. There is an 

equal number of locations chosen from each stratum, and  is taken to be equal to 20, 40, 80 

and 120. In this thesis, we call this criterion the Ben-Akiva criterion. Following from Ben-

Akiva and Watanatada (1981), the Ben-Akiva criterion is calculated with the „gravity‟-type 

function: . Variable  indicates the number of jobs in 

job location ,   is the distance between the home location of individual  and job location  

and  is the average of the actual travel distance, which is equal to 17.2 km in our data.  
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For sampling schemes (v) and (vi), the numbers of the alternatives that are drawn from the 

first, the second, the third and the fourth stratum are 2, 3, 5, 10, respectively when . 

When , the numbers of the alternatives that are drawn from the first, the second, the 

third and the fourth stratum are respectively 4, 6, 10, 20. When , the numbers of the 

alternatives that are drawn from the first, the second, the third and the fourth stratum are 8, 12, 

20, 40, respectively. When , the numbers of the alternatives that are drawn from the 

first, the second, the third and the fourth stratum are respectively 12, 18, 30, 60.  

(vii)  locations, locations are chosen from the full choice set which are proportional to the 

number of jobs in each job location.  is taken to be equal to 20, 40, 80 and 120. 

To investigate whether it is more efficient to include more alternatives that are thought to be 

more likely to be chosen, we applied sampling scheme (v) with the following numbers of 

alternatives that are chosen from each stratum with : 

For sampling scheme based on the number of jobs, the numbers of the alternatives that are 

drawn from the first, the second, the third and the fourth stratum are respectively: 

(v_1) 60, 30, 18, 12; 

(v_2) 30, 30, 30, 30; 

(v_3) 20, 30, 30, 40. 

Due to the randomness in the SRS method, the estimation results of the CL model can be 

affected by this. Therefore, for each sample the random sampling will be carried out ten times, 

and then the average of the parameter estimates will be evaluated.  

 

Resulting samples 

Table 7.3.1 shows the descriptive statistics of the explanatory variables of the not chosen data 

in the sampled choice sets from each of the first eight sampling schemes described above, 

with  =120. Because each sampling scheme is repeated ten times, the averages of the 

statistics are given here. The same descriptive statistics when   takes another value give 

similar results, which are reported in Appendix IV. Table 7.3.2 shows the descriptive statistics 

of the explanatory variables in the choice sets at each iteration of the last sampling scheme. 

Table 7.3.1 Description of explanatory variables of the sampled choice sets from different sampling schemes. 

 =120 In-sample of the 

full choice set 

(mean/min/max) 

Sampling (i)  

(mean/min/max) 

Sampling (ii) 

(mean/min/max) 

Sampling (iii) 

(mean/min/max) 

number of 

jobs 

4,476/138/33,891 4,474/138/33,891 4,418/138/33,891 4,422/138/33,891 

yearly wage 

(1000 euro) 

43.0/35.8/48.3 43/35.8/48.3 43.2/35.8/48.3 43.2/35.8/48.3 



 

31 
 

car time 

(min.) 

45.6/0.5/135.0 45.6/0.5/135 34.5/0.5/135.6 34.3/0.5/135.0 

 
Table 7.3.1 Continued. 

 =120 Sampling (iv) 

(mean/min/max) 

Sampling (v)  

(mean/min/max) 

Sampling (vi) 

(mean/min/max) 

Sampling (vii) 

(mean/min/max) 

number of 

jobs 

4,380/138/33,891 6,769/138/33,891 5,108/138/33,891 9,177/138/33,891 

yearly wage 

(1000 euro) 

43.1/35.8/48.3 43.2/35.8/48.3 43.3/35.8/48.3 43.3/35.8/48.3 

car time 

(min.) 

34.1/0.5/131.3 46.1/0.5/135.6 35.2/0.5/135.6 46.1/0.5/135.0 

 
Table 7.3.2 Description of explanatory variables of the sampled choice sets from different versions of sampling on the 
number of jobs. 

 =120 Sampling (v) 

(mean/min/max) 

Sampling (v_1) 

(mean/min/max) 

Sampling (v_2) 

(mean/min/max) 

Sampling (v_3) 

(mean/min/max) 

number of 

jobs 

6,769/138/33,891 2,704/138/33,891 4,464/138/33,891 5,268/138/33,891 

yearly wage 

(1000 euro) 

43.2/35.8/48.3 42.9/35.8/48.3 43.0/35.8/48.3 43.1/35.8/48.3 

car time 

(min.) 

46.1/0.5/135.6 45.4/0.5/135.6 45.6/0.5/135.0 45.8/0.5/135.6 

 

From Table 7.3.1 we can see that the descriptive statistics of the explanatory variables in the 

sampled choice sets with different sampling schemes are in general comparable with the ones 

of the full choice set. When the sampling is done in relationd to the number of jobs, the 

average number of jobs of the postal codes in the sampled choice sets becomes larger. When 

the sampling is done in relation to travel distance or travel time, the average car time becomes 

smaller. The average yearly wage of the choice alternatives in different sampled choice sets 

does not differ significantly from each other. In the actual choice set, the average number of 

jobs is much higher and the average car time is much lower than in the full choice set. This 

suggests that a job location is more likely to be chosen when there are more available jobs at 

the job location and when the job location is easy to reach by car. By the sampling scheme of 

Lemp and Kockelman (2012), after the first iteration, the distribution of the explanatory 

variables in the sampled choice sets already become almost the same as the distribution of  

these variables in the actual choice set. 
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Assessment criteria 

In order to assess the goodness-of-fit of the models, the data is divided into two parts. The 

first part is the training sample which will consist of 75% of the total original data set and the 

remaining part will be the hold-out sample. First the parameters are estimated based on the 

training sample. Then, by using these parameter estimates, the hit-rate, which is the fraction 

of correct predictions, on the hold-out sample will be evaluated. In the dataset, the training 

sample contains 3,014 randomly chosen commuters out of the 3,677 commuters. The 

remaining 663 individuals are put into the hold-out sample to calculate the out-of-sample hit-

rate. The hit-rates are expected to be very low due to the large number of choice alternatives 

in the in-sample. The baseline hit-rate, also called the proportional chance criterion, is equal 

to 0.16%
12

. 

In this thesis we use an extra criterion to evaluate the goodness-of-fit. This criterion shows the 

absolute proportional difference between the parameter estimates and the „true‟ parameters 

will be used. The „true‟ parameters that are estimated by using the full choice set. This 

difference in the standard errors from the in-sample, will also be used to evaluate the 

consistency and estimation accuracy of each estimate. In this thesis, this criterion will be 

called the Absolute Error Ratio (AER). It is computed with the following formula (see also 

Lemp and Kockelman, 2012):  

 

where is the full choice set estimate of parameter ,  is the number of times the sampling 

process is repeated (we take ), and  is the estimate of parameter  using either the 

SRS or stratified sampling of alternatives for the  repetition.  

The AER evaluates the bias in primary parameters, as well as the bias in the standard errors 

obtained by each one of these. The latter is important in order to measure the estimation 

accuracy. A lower AER of the parameters means a lower bias in the parameters estimates 

caused by the sampling strategy. 

 

7.4 Aggregated data 
In sections 3, we have explained the econometric models used in this thesis. All the theorems 

and proofs are applicable on disaggregated data. However, in our dataset, the values of 

explanatory variables are all collected at the postal code level. There are postal codes which 

contain a large number of jobs. Because of aggregation, there is loss of information on 

disaggregated level. It is known that the parameter estimates using the aggregated data cannot 

be directly interpreted because of aggregation bias. To make the estimation of the job location 

choice model on the aggregation level possible, we assume that the utility of all jobs of each 

postal code are IID distributed.  This is a very strong assumption. However, under this 

                                                           
12Baseline hit-rate=1/611=0.16%. 
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assumption, we can show that the parameter estimates by using the aggregated data are 

consistent. This proof is given in Appendix II. 

  



 

34 
 

8. Results 
In this section, we present the estimation results of the job location choice model with 

different generated choice sets using sampling protocols discussed in section 7.3. The 

estimation results with sampled choice sets are compared with the „true‟ parameters. The „true‟ 

parameters are estimated using the full choice sets. The goodness of the parameter estimates 

from different sampled choice sets is evaluated by using the average error ratio (AER) of the 

estimates. Based on the AER criterion of standard error, we show which sampling scheme 

provide the most accurate parameter estimates. Finally, we compare the estimation results 

between different sizes of choice sets using one sampling scheme.  

 

8.1 Estimation results from different sampling schemes 

By using the full choice set and the sampled choice sets, we estimate the logit model on three 

explanatory variables: car travel time (Car time), the natural logarithm of yearly wages 

(ln(number of jobs)) and the natural logarithm of number of jobs (ln(yearly wage)) at the job 

locations. Table 8.1.1 reports the outcome of the job location choice model. The sampled 

choice sets from sampling schemes (i) to (vii) contain 120 choice alternatives. The estimation 

results with sampled choice sets of other sizes are similar to the results below, and are 

reported in Appendix IV. As mentioned before, the logit model is repeated ten times with 

each sampling scheme of a certain size of sampled choice sets to avoid the bias caused by 

randomness. The averages of the parameters of the ten repeated outputs of the same sampling 

scheme are given in Table 8.1.1.  

Table 8.1.1: Parameter estimates of the conditional logit model. 

 ln(number of 

jobs) 

ln(yearly wage) Car time Max. log 

likelihood 

Full training data 0.868      (0.020) 5.849     (0.760) -0.087    (0.001) -15073.4 

Sampling (i),  =120 0.865      (0.021) 5.769     (0.766) -0.087    (0.002) -10282.2 

Sampling (ii),  =120 0.864      (0.021) 5.874     (0.764) -0.087    (0.001) -11847.2 

Sampling (iii),  =120 0.867      (0.021)        5.829     (0.763) -0.087    (0.001) -11813.3 

Sampling (iv),  =120 0.866      (0.021) 5.809     (0.763) -0.087    (0.001) -11816.9 

Sampling (v),  =120 0.865      (0.021) 5.801     (0.763) -0.087    (0.002) -11013.0 

Sampling (vi),  =120 0.867      (0.021) 5.822     (0.764) -0.087    (0.002) -11934.2 

Sampling (vii),  =120 0.882      (0.021) 5.806     (0.769) -0.087    (0.002) -11318.8 
(.) gives the standard error of the corresponding parameter estimate.  

The estimation results using the sampled choice sets using each of the seven sampling 

schemes are comparable to each other. The estimate of the coefficient of ln(number of jobs) is 

significantly positive, the probability to choose a certain job location is positively related to 

the number of jobs at the corresponding location. This suggests that a job location is more 

attractive when there is a large amount of jobs available. The coefficient of ln(yearly wage) is 

also significantly positive, the choice probability of a job location is also positively related to 

the average yearly wage one can earn in the corresponding job location. This means that, all 



 

35 
 

else held equal, a job location is more attractive when the average wage of the jobs at the 

location is higher. The coefficient of ln(yearly wage) is larger than the coefficient of 

ln(number of jobs), which means that the impact on the choice probability caused by a 

proportional change in yearly wage is greater than the impact caused by the same proportional 

change in the number of jobs. The coefficient of Car time is negative. This is also intuitively 

comprehensible because of the reduction of choice probability caused by the opportunity costs 

of commuting. 

It is remarkable that all the parameter estimates are highly significant. Table 8.1.1 also shows 

that the parameter estimates from the SRS, stratified sampling and importance sampling are 

very similar to the parameter estimates from the full choice sample set. Although, a remark is 

that the parameter estimate of ln(number of jobs) by importance sampling (sampling scheme 

(vii)) is relatively higher compared to other sampling schemes. With this sampling scheme, 

job locations are drawn proportional to the number of jobs. Due to the proportional sampling, 

as we already have seen in Table 7.3.1, the average number of jobs in the sampled choice sets 

is higher than in comparison with the full choice set. The generated choice sets with 

proportional sampling are more similar to the set of all actual choices. As one would expect, it 

is much more difficult to select one choice alternative out of various competitive alternatives. 

The averages of the parameter estimates of the ten repeated outputs of sampling scheme (v) 

are shown with different numbers of alternatives sampled from each stratum. These are 

displayed in Table 8.1.2.  

Table 8.1.2: Parameter estimates of the conditional logit model that results from sampling scheme (v). 

  =120 ln(number of 

jobs) 

ln(yearly wage) Car time Max. log 

likelihood 

Full training data 0.868      (0.020) 5.849     (0.760) -0.087    (0.001) -15073.4 

Sampling (v) 0.865      (0.021) 5.801     (0.763) -0.087    (0.002) -8666.3 

Sampling (v_1) 0.844      (0.021) 5.890     (0.764) -0.086    (0.001) -8696.5 

Sampling (v_2) 0.861      (0.021)        5.837     (0.763) -0.087    (0.001) -8713.8 

Sampling (v_3) 0.866      (0.021) 5.861    (0.763) -0.086    (0.001) -8684.0 
(.) represents the standard error of the corresponding parameter estimate.  

The estimation results using sampling scheme (v) with different numbers of alternatives 

sampled from each stratum are comparable to each other. Focusing on the estimates for the 

coefficient of ln(number of jobs), the sampling scheme (v) which draws more alternatives 

from the stratum with job locations with more jobs, provides a more accurate estimator. 

However, from the estimates for the coefficient of another explanatory variable ln(yearly 

wage), we cannot draw the same conclusion.   

To get more information from the estimation results, we look into more detail at the parameter 

estimates from each of the ten repeated estimations. Figure 8.1.3 shows the distribution of the 

repeated estimates for each parameter in the conditional logit model using a certain sampling 

scheme. 
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Figure 8.1.3: Ten repeated parameter estimates in terms of sampling schemes. 

 

Above, the three plots on the left side show that the parameter estimates resulting from 

stratified sampling are more accurate than the estimates resulting from the SRS or importance 

sampling based on the number of jobs in the context of job location choices. The other three 

plots on the right side show that the numbers of alternatives sampled from each stratum have 

impact on the estimation accuracy of the model. Overall, the parameter estimates are more 

accurate when more alternatives are drawn from the stratum with job locations containing 

more jobs. It is an understandable behavior for a person to be more preferable to work at a 

location with a larger number of jobs. Therefore, it is more efficient by including more 

alternatives that are thought to be more likely to be chosen. 

The AERs in the parameter estimates and the standard error criteria, explained in section 7.3, 

are calculated for different sampling schemes. The parameter estimates with the full choice 

set are considered as the „true‟ parameters. Table 8.1.4 shows the AERs of parameter 
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estimates and standard errors from sampling schemes with 120 alternatives in the sampled 

choice sets. The AERs of parameter estimates and standard errors when   takes another value 

gives similar results, which are reported in Appendix IV. 

Table 8.1.4: AERs of parameter estimates and standard errors from different sampling schemes. 

 ln(number of jobs) ln(yearly wage) Car time 

 coefficient Standard 

error 

coeffici

ent 

Standar

d error 

coeffici

ent 

Standard 

error 

Sampling (i),  =120 0.004 0.055 0.014 0.008 0.000 1.000 

Sampling (ii),  =120 0.005 0.050 0.003 0.013 0.003 0.800 

Sampling (iii),  =120 0.001 0.050 0.003 0.012 0.002 1.000 

Sampling (iv),  =120 0.002 0.050 0.007 0.009 0.001 1.000 

Sampling (v),  =120 0.004 0.050 0.008 0.009 0.000 1.000 

Sampling (vi),  =120 0.002 0.050 0.005 0.010 0.001 1.000 

Sampling (vii),  =120 0.016 0.050 0.007 0.010 0.000 1.000 

 

Due to fact that the standard errors of parameter estimate of Car time vary between 0.001 and 

0.002, the AERs in the standard error of this coefficient are quite large. The results in Table 

8.1.4 indicate that assuming the full choice set for each home-work commuter and applying 

sampling strategies, the SRS and stratified sampling both perform very well. This agrees with 

the theory, which states that both SRS and exogenous stratified sampling produce consistent 

parameter estimates. These are statistical solutions to cope with large choice sets and are 

asymptotically equivalent to using the full choice set. 

It is surprisingly that the parameter estimates resulting from importance sampling are less 

accurate. Relatively, the AER estimate for the coefficient of ln(number of jobs) from sampling 

(vii) is the largest. The reason for this might be that impact on job location choices from the 

number of jobs is incorrectly over-weighted during proportional sampling to the single 

variable the number of jobs. Therefore, it is recommended to use a better criterion for 

proportional sampling for further research. Such criterion can be the preliminary estimates of 

the choice probability. 

Figure 8.1.6 shows AERs in the parameter estimates across different sampling schemes.  
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Figure 8.1.6: AER of parameter estimates in terms of sampling schemes. 

  

Independent of the sizes of the choice sets, stratified sampling using car travel time yields 

parameter estimates with the smallest AERs. Stratified sampling provides parameter estimates 

with lower AERs compared to the results from the SRS.  

Figure 8.1.7 shows AERs in the standard error of parameter estimates across different 

sampling schemes.  

Figure 8.1.7: AER of standard errors in terms of sampling schemes. 
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Table 8.1.8 shows the percentage of correct predictions for the hold-out sample using the 

parameter estimates from the full choice set and different sampled choice sets.  

Table 8.1.8: percentage of correct predictions for the hold-out sample. 

Choice sets Hit-rate (percentage of correct 

prediction) 

Full training data 7.69% 

Sampling (i) 7.69% 

Sampling (ii) 7.69% 

Sampling (iii) 7.69% 

Sampling (iv) 7.69% 

Sampling (v) 7.69% 

Sampling (vi) 7.69% 

Sampling (vii) 7.69% 

 

The hit-rates are overall very low due to the large number of choice alternatives in the in-

sample. Every sampling scheme gives the same hit-rate as the full choice set. This suggests 

that sampling methods of alternatives have little impact on the prediction power of a model.  

 

8.2 Estimation results using different sizes of sampled choice sets 
To investigate the impact of sizes of sampled choice sets on the estimation results, we 

compare the AERs of parameter estimates and standard errors that result from different sizes 

by using each of the sampling schemes. 

Figure 8.2.1 shows the relationship between the AERs of parameter estimates and the sizes of 

sampled choice sets for each of the seven sampling schemes. For all the seven sampling 

schemes, there is a significant reduction in the AERs when the size of the sampled choice sets 

increases from 40 to 80. When the sampled choice sets contain 80 choice alternatives, the 

AER of the parameter estimates is only 0.5% or lower. The AERs in parameter estimates are 

not higher than 5% for all the sampling schemes when only 3% from the full choice set are 

taken as choice alternatives.  
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Figure 8.2.1: AERs of parameter estimates in terms of the number of choice alternatives in choice sets.

 

Figure 8.2.2 shows the relation between the AERs of the standard errors of parameter 

estimates and the sizes of the sampled choice sets for each sampling scheme that is used. 

Based on the AERs in the parameter estimates and the standard error, we conclude that the 

larger the number of choice alternatives in the choice set, the smaller the AER. Before 

calculating the AERs, the parameter estimates and the standard errors are rounded off to three 

decimal places. In all seven plots, we see a decreasing trend in the AERs of standard errors 

when the size of sampled choice sets increases. This suggests that the estimates of a logit 

model are more efficient when choice sets with a larger number of alternatives are used. 
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Figure 8.2.2: AER of standard errors in terms of the number of choice alternatives in choice sets.
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9. Conclusion and discussion 
In this thesis we have theoretically and empirically shown that the maximum likelihood 

estimates of a conditional logit model based on the simple randomly sampled choice sets and 

stratified sampled choice sets are consistent.  Real data on job location choices of a group of 

Dutch home-work commuters were used to empirically compare the performance of a logit 

model using different sampling strategies. The simple random sampling, the stratified 

sampling, and the importance sampling on the full choice set deliver consistent parameter 

estimates. In line with theory of sampling of alternatives in the context of discrete choice 

models that impose the IIA assumption, for our data the stratified sampling schemes have a 

higher performance than the simple random sampling (SRS) in terms of absolute error ratio 

(AER). Moreover, the exogenous variables on which the strata were defined had an impact on 

our estimation results. In the context of job location choices, stratification based on car travel 

time between home location and job location seems to produce more reliable parameter 

estimates than stratification based on other variables such as perpendicular distance. 

The estimation results of the discrete choice model using one stratified sampling, but with 

different number of alternatives that are drawn from each stratum with equal size, are 

compared to each other. It turns out that the number of alternatives sampled from each 

stratum has impact on the estimation accuracy of the model. The parameter estimates are 

more accurate when more alternatives are drawn from the stratum with job locations with 

more jobs. This suggests that a sampling scheme is more efficient by including more 

alternatives that are thought to be more likely to be chosen. 

In addition, one importance sampling scheme based on the number of jobs is performed. This 

proportional sampling scheme leads to parameter estimates that differ relatively more from 

the estimates based on the full choice set. This result is in contrast with our expectation. The 

loss of accuracy might be caused by the fact that the impact on job location choices from the 

number of jobs is incorrectly over-weighted during proportional sampling to the single 

variable the number of jobs. It is recommended to use a better criterion for proportional 

sampling for further research. Such a criterion can be the preliminary estimates of the choice 

probability. 

The hit-rates were overall very low due to the large number of choice alternatives in the in-

sample. The SRS, stratified sampling schemes and the importance sampling gave the same 

hit-rate as the full choice set.  

There are significant differences between the absolute error ratios (AERs) in the parameter 

estimates and the corresponding standard errors when the size of the choice sets is 20 and 80. 

In general, larger size of sampled choice sets lead to more reliable parameter estimates due to 

lower AERs. By taking samples of 80 choice alternatives for each individual, that contain 13% 

choice alternatives of the full choice set, the average AER in parameter estimates is lower 

than 0.5%. The AERs in parameter estimates are not higher than 5% for all the sampling 

schemes when only 3% from the full choice set are taken as choice alternatives.  



 

43 
 

As already mentioned, it is surprising that the importance sampling has worse performance 

using the real data. In the literature using synthetic data, such sampling schemes perform 

much better. For further research, it is necessary to investigate the performance of some 

variants of the importance sampling strategy. It is recommend to sample choice alternatives in 

proportional to a function of exogenous variables which gives more information than one 

exogenous variable. Such a criterion can be the preliminary estimates of the choice 

probability that result from model using the SRS. 
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Appendix I: Proof of consistency under uniform conditioning property 
In this Appendix, we will show in detail that parameter estimates  are consistent with the 

true parameters  in the expected log likelihood when uniform conditioning property is met.  

The expected value of the log likelihood values has the following formula: 

. 

First, we multiply and divide the term in the summations by . This 

gives: 

 

 

 

 

Note that term  does not depend on the choice of alternatives , but depends 

on the sampled choice set . Moreover, , , so we can rewrite the 

formula above as: 

 

 

As the uniform conditioning property is met, we define 

  and  . The expected value of log likelihood values 

can be rewritten as:  
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Appendix II: Aggregation of alternatives 
In this appendix, we show that aggregating homogenous choice alternatives has no influence 

on the estimation results. 

The alternatives for job location choice problems can be usually determined based on the 

geographical aggregation. The aggregated choice set can be assumed to be the actual choice 

set: . The full choice set of disaggregated alternatives, also called the elemental alternatives, 

is denoted by .  For simplicity, we assume that all alternatives in  are available to each 

individual in the data. Let  be the probability of individual  choosing alternative . 

Divide the set  into non-overlapping subsets: , where  is the number 

of aggregate alternatives in the aggregated choice set .  

The choice probability of an aggregate alternative is equal to the probability that one of the 

disaggregated alternatives, also called the elemental alternatives in the aggregate alternative is 

chosen by an individual.  

Denote the random utility of an elemental choice alternative  for individual  by . 

Define  , where  and  are respectively, the deterministic and random 

components of the utility for choice alternative  and individual . The random components 

 contain the unobserved part of the utility of elemental choice alternative  to individual . 

They are assumed to be identically independent distributed with zero mean. Since the 

elemental alternatives in the aggregated alternatives are mutually exclusive, the utility of an 

alternative in the aggregated choice set   can be defined by: 

  , , where  

Let  denote the number of elemental alternatives in the aggregated choice set , then it 

holds that: 

 

where  denotes the average of the deterministic utilities of the elemental alternatives in 

aggregated alternative . 

If each aggregated alternative contains a large number of elemental alternatives, and if the 

utilities of the elemental alternatives are independently and identically distributed (IID), then 

the distribution of the utility of an aggregated alternative has the extreme value distribution, 

also called the Gumbel distribution: 

 

where  is a cumulative distribution function,  is a positive scale parameter and  is the 

location parameter, which is equal to the mode of the distribution. The mode is the maximum 

of the probability density function.  
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In our data, each postcode contains a large number of jobs. To making the estimation of the 

job location choice model on the aggregation level possible, we assume that the utilities of 

elemental alternatives of the jobs in each postcode are (identically independent distributed) 

IID distributed. This IID assumption implies that the utilities of the alternatives  have 

equal means  and the stochastic terms for all , are IID extreme 

value distributed which have mean 0 and same variance across .  

Assume that the stochastic terms for all , are IID extreme value distributed with 

parameters , it can be derived that the utility of an elemental alternative  is extreme 

value distributed with parameters . Then, based on the IID assumption of the 

elemental alternatives in an aggregated alternative, it can be proven that the utility of an 

aggregated alternative  is extreme value distributed with parameters , 

by assuming that the stochastic terms for all  and , are IID extreme value 

distributed with scale parameters . The proof for this is given in Appendix III Proof 1. 

The utility of an aggregated alternative can be written as follow:  

  , , 

The conditional choice probability of an elemental alternative  given that the choice lies 

within  can be derived as follows: 

 

The proof for this is given in Appendix III Proof 2. 

In the same way, the conditional choice probability of choosing an aggregated alternative  in 

the aggregated choice set for individual   can be modeled by: 

 

 

where  is assumed to be the scale parameter on which the error terms are distributed.  

Note that an aggregated alternative is more likely to be chosen if it contains a large number of 

elemental alternatives. If all elemental alternatives within one aggregated alternative are 

relatively homogeneous and the logit model applies to each individual, then the appropriate 



 

50 
 

term to correct is the natural logarithm of the number of elemental alternatives with a 

coefficient of one, stated McFadden, 1978. Therefore we can assume . 

Based on Bayes‟rule, we can also define the distribution of aggregated alternatives as follows: 

 

where  is the conditional distribution of the characteristics of the population on the 

disaggregated level given the aggregation. The likelihood function for the choice in the 

aggregated alternatives is: 

 

The corresponding log likelihood function looks as follows:  

 . 

Note that the second term in this log likelihood function does not depend on the parameters . 

When the first term is maximized with a proper estimate of the parameter vector , the global 

maximum of the log likelihood function is reached. On the same way as for the estimation on 

the sampled choice sets, we can prove that the maximum likelihood estimates for the 

aggregated choice set are consistent (except the constant terms) when contains a large set of 

choice alternatives. 
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Appendix III: Properties of extreme value distribution 
In this appendix, three important properties of extreme value distribution will be given en 

proved. Using these properties, two statements mentioned in Appendix II will be proven. 

In this thesis, the following three properties of extreme value distribution are used:  

Property 1: If  is extreme value distributed with parameters , and let  and  any 

scalar constants, then the stochastic variable  is extreme value distributed with 

parameters . 

Property 2: If  are  IID extreme value distributed with parameters , 

, ... , respectively, then the stochastic variable  is extreme 

value distributed with parameters . 

Property 3: If  and  are independent extreme value distributed with parameters  and 

, respectively, then the stochastic variable  is logistically distributed with 

. 

Now we give the proofs of these properties one by one. 

Proof of Property 1: 

Let the stochastic variable  be extreme value distributed with parameters . The 

cumulative distribution function of this stochastic variable is: 

 

Let  and  any scalar constants, the cumulative distribution function of the stochastic 

variable   looks as follows: 

 

 

 

 

 

From the cumulative distribution function of the stochastic variable , we see that this 

term is extreme value distributed with parameters . 
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Proof of Property 2: 

We have stochastic variables  which are  IID extreme value distributed with 

parameters , , ... , respectively. Without loss of generality, we take here 

. The cumulative distribution of the two stochastic variables is:  

 

 

The cumulative distribution function of term  is: 

 

 

 

 

 

 

 

 

 

 

 

Based on this cumulative distribution, we can say that  is extreme value 

distributed with parameters . 

Proof of Property 3: 

To proof this property, we use the probability density function (pdf) of the extreme value 

distribution and the logistic distribution. The pdf of a stochastic variable  which is extreme 

value distributed with parameters  is: . The 

corresponding cumulative distribution function is:  The 

pdf of a stochastic variable  which is logistically distributed with parameters  is: 

. The corresponding cumulative distribution function is: 

. 
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Note that  where  is extreme value distributed 

with parameters  and  where  is logistically 

distributed with parameters . Therefore, we only proof the special case of Property 3 by 

assuming that stochastic variables  and  are IID extreme value distributed with parameters 

. The probability density functions of  and  are then: 

 

 

Since  and  are independent, the pdf of the stochastic variable  can be 

computed as follows: 

 

 

 

*  

*  

Substitute term   by  and use , we get: 

*  

*  

Using the partial integration rule, we can derive that: 

 

Therefore, the stochastic variable  is logistically distributed with parameters . 

The corresponding CDF is . 

Using these properties, we now prove that the two statements mentioned in Appendix II are 

true. 

Proof 1: According to Property 1, we can show that the utility of an elemental alternative  

is extreme value distributed with parameters , given that the stochastic terms for 

all , are IID extreme value distributed with parameters .  
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The utility of choosing the aggregated alternative  is defined as follows: 

 

By assumption that  are independently and identically extreme value distributed with 

parameters , we can use Property 2 to derive that term  is extreme 

value distributed with parameters . 

We then define . According to Property 1 of the 

extreme value distribution,  is also IID extreme value distributed with parameters . 

Because the distribution of   is identical with the distribution of the stochastic terms for 

all , terms evaluated at each  and , are IID extreme value 

distributed with scale parameters . Therefore, we can rewrite the utility  function as follows: 

 

According to Property 1, the utility of an aggregated alternative  is extreme value 

distributed with parameters . 

 

Proof 2: Assume without loss of generality that random components of the utility for each 

choice alternative for individual  are extreme value distributed with location parameter  

and scale parameter . According to Property 1, the stochastic variables , for , 

are then extreme value distributed with parameters , for . 

The probability of choosing alternative  is defined as follows: 

 

Using Property 2,  is extreme value distributed with parameters 

. 

Using Property 3, the probability of choosing alternative  can be rewritten as: 
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Appendix IV: Extra descriptive statistics and estimation results 
In this appendix, the descriptive statistics of the sampled choice sets with other sizes than 120 

are displayed. There is no significant difference in the average value of the explanatory 

variables among different sampled choice sets with varying sizes.  

The estimation results and the AERs in the parameter estimates and the standard errors from 

the conditional logit model with choice sets with other sizes than 120 are also displayed. All 

the interpretations drawn in section 8 can be applied for sampled choice sets with different 

sizes displayed below. 

Table IV.1 Description of explanatory variables of the sampled choice sets. 

 =20 In-sample of the 

full choice set 

(mean/min/max) 

Sampling (i)  

(mean/min/max) 

Sampling (ii) 

(mean/min/max) 

Sampling (iii) 

(mean/min/max) 

number of 

jobs 

4,476/138/33,891 4,479/138/33,891 4,394/138/33,891 4,426/138/33,891 

yearly wage 

(1000 euro) 

43.0/35.8/48.3 43/35.8/48.3 43.2/35.8/48.3 43.2/35.8/48.3 

car time 

(min.) 

45.6/0.5/135.0 45.6/0.5/132.4 34.4/0.5/122.2 34.2/0.5/122.4 

 

Table IV.1 Continued. 

 =20 Sampling (iv) 

(mean/min/max) 

Sampling (v)  

(mean/min/max) 

Sampling (vi) 

(mean/min/max) 

Sampling (vii) 

(mean/min/max) 

number of 

jobs 

4,369/138/33,891 6,781/138/33,891 5,057/138/33,891 9,090/138/33,891 

yearly wage 

(1000 euro) 

43.1/35.8/48.3 43.2/35.8/48.3 43.3/35.8/48.3 43.3/35.8/48.3 

car time 

(min.) 

34.1/0.5/129.9 46.1/0.5/131.3 35.1/0.5/122.4 46.6/0.5/135.6 

 

Table IV.2 Description of explanatory variables of the sampled choice sets. 

 =40  In-sample of the 

full choice set 

(mean/min/max) 

Sampling (i)  

(mean/min/max) 

Sampling (ii) 

(mean/min/max) 

Sampling (iii) 

(mean/min/max) 

number of 

jobs 

4,476/138/33,891 4,474/138/33,891 4,427/138/33,891 4,411/138/33,891 

yearly wage 

(1000 euro) 

43.0/35.8/48.3 43/35.8/48.3 43.2/35.8/48.3 43.2/35.8/48.3 

car time 

(min.) 

45.6/0.5/135.0 45.6/0.5/132.4 34.5/0.5/131.3 34.3/0.5/130.0 
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Table IV.2 Continued. 

 =40 Sampling (iv) 

(mean/min/max) 

Sampling (v)  

(mean/min/max) 

Sampling (vi) 

(mean/min/max) 

Sampling (vii) 

(mean/min/max) 

number of 

jobs 

4,376/138/33,891 6,761/138/33,891 5,113/138/33,891 9,194/138/33,891 

yearly wage 

(1000 euro) 

43.1/35.8/48.3 43.2/35.8/48.3 43.3/35.8/48.3 43.3/35.8/48.3 

car time 

(min.) 

34.1/0.5/129.9 46.1/0.5/135.0 35.1/0.5/129.9 46.5/0.5/135.6 

 

Table IV.3 Description of explanatory variables of the sampled choice sets. 

 =80 In-sample of the 

full choice set 

(mean/min/max) 

Sampling (i)  

(mean/min/max) 

Sampling (ii) 

(mean/min/max) 

Sampling (iii) 

(mean/min/max) 

number of 

jobs 

4,476/138/33,891 4,476/138/33,891 4,423/138/33,891 4,443/138/33,891 

yearly wage 

(1000 euro) 

43.0/35.8/48.3 43/35.8/48.3 43.2/35.8/48.3 43.2/35.8/48.3 

car time 

(min.) 

45.6/0.5/135.0 45.6/0.5/135 34.4/0.5/131.3 34.3/0.5/130.0 

 

Table IV.3 Continued. 

 =80 Sampling (iv) 

(mean/min/max) 

Sampling (v)  

(mean/min/max) 

Sampling (vi) 

(mean/min/max) 

Sampling (vii) 

(mean/min/max) 

number of 

jobs 

4,393/138/33,891 6,759/138/33,891 5,111/138/33,891 9,207/138/33,891 

yearly wage 

(1000 euro) 

43.1/35.8/48.3 43.2/35.8/48.3 43.3/35.8/48.3 43.3/35.8/48.3 

car time 

(min.) 

34.1/0.5/131.3 46.0/0.5/135.0 35.1/0.5/135.0 46.1/0.5/135.0 

 

Table IV.4a Parameter estimates of the conditional logit model with size 20. 

 =20 ln(number of 

jobs) 

ln(yearly wage) Car time 

Full training data 0.868      (0.020) 5.849     (0.760) -0.087    (0.001) 

Sampling (i) 0.846      (0.025) 5.739    (0.809) -0.084    (0.002) 

Sampling (ii) 0.864      (0.023) 5.675     (0.788) -0.085    (0.002) 

Samplng (iii) 0.857      (0.023)        5.715     (0.787) -0.085    (0.002) 

Samping (iv) 0.866      (0.023) 5.809     (0.780) -0.087    (0.002) 

Samping (v) 0.852      (0.023) 5.561     (0.783) -0.085    (0.002) 

Sampling (vi) 0.847     (0.023) 5.613    (0.786) -0.084    (0.002) 
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Sampling (vii) 0.883      (0.023) 5.734     (0.801) -0.086    (0.002) 
 

Table IV.4b Parameter estimates of the conditional logit model with size 40. 

 =40 ln(number of 

jobs) 

ln(yearly wage) Car time 

Full training data 0.868      (0.020) 5.849     (0.760) -0.087    (0.001) 

Sampling (i) 0.847      (0.023) 5.882     (0.785) -0.085    (0.002) 

Sampling (ii) 0.863      (0.022) 5.667     (0.773) -0.086    (0.002) 

Samplng (iii) 0.861      (0.022)        5.772     (0.771) -0.086    (0.002) 

Samping (iv) 0.861      (0.022) 5.843     (0.771) -0.086    (0.002) 

Samping (v) 0.868      (0.022) 5.569     (0.778) -0.086   (0.002) 

Sampling (vi) 0.856     (0.022) 5.813     (0.767) -0.086    (0.002) 

Sampling (vii) 0.884      (0.022) 5.693     (0.778) -0.087    (0.002) 

 

Table IV.4c Parameter estimates of the conditional logit model with size 80. 

 =80 ln(number of 

jobs) 

ln(yearly wage) Car time 

Full training data 0.868      (0.020) 5.849     (0.760) -0.087    (0.001) 

Sampling (i) 0.862      (0.022) 5.822     (0.769) -0.087    (0.002) 

Sampling (ii) 0.862      (0.021) 5.852     (0.767) -0.087    (0.002) 

Samplng (iii) 0.863      (0.021)        5.834     (0.767) -0.087    (0.001) 

Samping (iv) 0.863      (0.021) 5.840     (0.766) -0.087    (0.001) 

Samping (v) 0.864      (0.021) 5.743     (0.764) -0.087    (0.002) 

Sampling (vi) 0.864      (0.021) 5.824     (0.765) -0.087    (0.002) 

Sampling (vii) 0.880      (0.021) 5.762     (0.771) -0.087    (0.002) 

 

Table IV.5a AERs of parameter estimates and standard errors from different sampling schemes with size 20. 

 ln(number of jobs) ln(yearly wage) Car time 

 =20 coefficient Standard 

error 

coeffici

ent 

Standar

d error 

coeffici

ent 

Standard 

error 

Sampling (i)  0.025 0.25 0.019 0.064 0.034 1.00 

Sampling (ii) 0.005 0.15 0.030 0.037 0.023 1.00 

Sampling (iii) 0.013 0.15 0.023 0.036 0.023 1.00 

Sampling (iv) 0.002 0.15 0.007 0.026 0.000 1.00 

Sampling (v) 0.018 0.15 0.049 0.030 0.023 1.00 

Sampling (vi) 0.024 0.15 0.040 0.034 0.034 1.00 

Sampling (vii) 0.017 0.15 0.020 0.054 0.011 1.00 
 

Table IV.5b AERs of parameter estimates and standard errors from different sampling schemes with size 40. 

 ln(number of jobs) ln(yearly wage) Car time 
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 =40 coefficient Standard 

error 

coeffici

ent 

Standar

d error 

coeffici

ent 

Standard 

error 

Sampling (i)  0.024 0.15 0.006 0.033 0.023 1.00 

Sampling (ii) 0.006 0.10 0.031 0.017 0.011 1.00 

Sampling (iii) 0.008 0.10 0.013 0.014 0.011 1.00 

Sampling (iv) 0.008 0.10 0.001 0.014 0.011 1.00 

Sampling (v) 0.000 0.10 0.048 0.024 0.011 1.00 

Sampling (vi) 0.014 0.10 0.006 0.009 0.011 1.00 

Sampling (vii) 0.018 0.10 0.027 0.024 0.000 1.00 

 

 

 

Table IV.5c AERs of parameter estimates and standard errors from different sampling schemes with size 80. 

 ln(number of jobs) ln(yearly wage) Car time 

 =80 coefficient Standard 

error 

coeffici

ent 

Standar

d error 

coeffici

ent 

Standard 

error 

Sampling (i)  0.007 0.10 0.005 0.012 0.000 1.00 

Sampling (ii) 0.007 0.05 0.001 0.009 0.000 1.00 

Sampling (iii) 0.006 0.05 0.003 0.009 0.000 0.00 

Sampling (iv) 0.006 0.05 0.002 0.008 0.000 0.00 

Sampling (v) 0.005 0.05 0.015 0.005 0.000 1.00 

Sampling (vi) 0.005 0.05 0.004 0.007 0.000 1.00 

Sampling (vii) 0.014 0.05 0.015 0.014 0.000 1.00 

 

 

 




